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Abstract The thermoetastic properties of the lower mantle of the Earth were studied using different 
equations of state The values of bulk modulus and its pressure derivative, thermal expansivity, Gruneisen 
parameter y and its volume derivatives, q and A have been calculated for the entire depth of the lower mantle 
ranging from 670 km to 2891 km The results obtained in the present study are found to compare well with the 
corresponding values based on the seismological data reported by Stacey and Davis [Phys Earth Planet Inter 
142 137 (2004)]. 
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1. Introduction 
The lower mantle of the Earth ranges from 670km to 2891km in depth and the 
corresponding pressure ranges 24GPa to 136GPa according to the Preliminary Reference 
Earth Model [1] (PREM), and the corresponding temperature [2] is estimated to be, for 
example, from 1980K to 2940K. Geochemical and geophysical evidences [3-5] indicate 
that the composition of Earth's lower mantle is primarily (Mg, Fe) Si03 perovskite with a 
little dissolved Al203, (Mg, Fe) O magnesiowustite, and a few percent CaSi03 perovskite. 
This composition is just simple enough to make a useful comparison of its properties 
with seismological data. 
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For understanding the thermoelastic properties of Earth's lower mantle we need equations 
of state (EOS) for minerals applicable at high pressures and high temperatures. The 
applicability of an EOS can be judged by comparing the calculated P-V results with the 
experimental data. However, the measured laboratory data are subject to uncertainties 
arising from calibration errors related to the use of pressure scales [6,7]. On the other 
hand, seismological data are free from calibration errors, and offer much more effective 
tests of high pressure equations of state than do laboratory data and can be used to 
recalibrate laboratory pressure scales. Geophysics offers two wide pressure ranges, one 
for the lower mantle and other for the core, over which there are reliable values not just of 
pressure, but also of bulk modulus at different densities. 
In the present paper, thermoelastic properties of the lower mantle are studied using 
equations of state, such as, (i) Birch-Mumaghan EOS [8] (ii) Rydberg-Vinet EOS [9-11], 
and (iii) Shanker EOS [12]. The results are obtained for pressure P, bulk modulus Kand 
its pressure derivative K' for the entire depth of the lower mantle, and compared with the 
seismological data [7] derived from the Preliminary Reference Earth model (PREM) [1] 
using the Stacey relationships for P, K and K1. The thermoelastic properties such as the 
Gruneisen parameter y and its volume derivatives q and A, and thermal expansivity a 
have been calculated and compared with the seismological data [7]. 
2. Method of analysis 
The following three equations of state are considered 
/. Birch-Mumaghan EOS: 
This EOS has been derived from the Eulerian finite strain theory [8]. Expressions for 
pressure P, bulk modulus K and its pressure derivative K = dK/dP are given below 
P=3-K0(x-7 / 3-x-5 / 3) 1 + | (K 0 -4) (x- 2 / 3 -1) | (1) 
K = l/C0(7x-7/3 -5x~5/3) + ~K0(K0 -4)(9x-3 -14x~7/3 +5x'5 / 3 ) (2) 
2 8 
*•.&[<«- 4)(81x"3 - 98x~7'3 + 25x~5'3) + - (49x~7/3 - 25x"5/3) (3) 
where x = V/VQ , KQ and KQ are the values of K and K" at P • 0. V is the volume at 
pressure P and V0 is the volume at zero pressure. Also V/V0 - p0/p where Po is the 
density p at P = 0. 
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//. Rydberg -Vinet EOS: 
Vinet et al [11] have obtained an EOS which is based on the potential energy function 
due to Rydberg [10] 
E(r)=E(a) 1-6| 1 - - expfa i - £ (4) 
Here, E{r) is the potential energy expressed a$ a function of the interatomic distance 
r. For a given solid, a and b are constants, 'a' is the equilibrium value of interatomic 
distance r, and 'tf is the hardness parameter in the potential function [10]. At r = a, we 
have E (i) = E(a). The EOS derived from Eq. (4) is known as the Rydberg - Vinet EOS. 
The expressions for P, K, and K" obtained from this EOS are given below [9,13] 
P = 3K0x-2/3(l-x1/3)exp[»7(1-x1/3)] 
K = KQx-2/3 [1 + {r,xU3 +1}(1 - x1/3 )]exp[rj(1 - x1/3)] 
(5) 
(6) 
3 1 + (rjx1/3+1)(1-x1/3) (7) 
V 3 
where x = - - and »? = (KQ -1) . 
///. Shanker EOS: 
Shanker et a/[12] have obtained an EOS using the volume dependence of the interatomic 




dr2 r dr (8) 
where E is the lattice potential energy and r is the interatomic separation. The expressions 
based on the Shanker EOS are given below [12,15] 
,-4/3 
P = /C„ [f 1 - ) + 1 ]{exp(fy) -1}+ y f l + y - ^lexp(fy) j (9) 
/C = K0x-1/3(1 + y + y2) exp(ry) + ^P 
4 f„ 4 P , 1 f, (1 + 2y) . . K' = -+ 1 x +xlt + — —5-M 3 I 3K 1 3 I (H-y + y 2 ) ] ] 
(10) 
(11) 
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V . {V ] . . . ,v 8 
where x = — , y = 1 -
v^ o 
and t as KQ - -3 
We make use of equations (1-3), (5-7) and (9-11) to calculate Pt / (and /<" for the lower 
mantle. The Gruneisen parameter y is an important quantity which relates thermal and 
elastic properties of materials. We have the following expression for y [16] 
r = Y?Kr_ = VccKs ( 1 2 ) 
Cy Cp 
It is dimensionless combination of four familiar quantities, volume thermal expansion 
coefficient, a ; bulk modulus, K; Volume, V; specific heat, C; with subscripts T, Vt S, 
P, indicating constant temperature, volume, entropy and pressure. These alternative 
definitions are linked by the identities 
KKT = % = ' + YaT • ( 1 3 ) 
The values of y at different compressions can be calculated using the generalized 
formula for the Gruneisen parameter 
= (1/2)K'-(1/6)-(f/3)(1-(1/3)(P//C)) 
7
 1-(2/3)f(P//C) ( 1 4 ) 
with different values of f. The simplest of these is Slater's equation [17], for which f = 0. 
The Dugdale - MacDonald formula appears with f =1, and the free - volume formula [18] 
with f as 2. Values of y, calculated from Eq. (14) with different values of f, are not well 
appropriate for the lower mantle. Stacey and Davis have suggested that the general form 
of the free volume equation (Eq. (14)) could be used with a suitably adjusted value of f. 
By using the acoustic value of y at P = 0, we can calculate the value of f which is f = 
1.436 [7]. 
To proceed further we examine the behaviour of q and A for the lower mantle, which 
are the volume derivatives of Gruneisen parameter such as 
v




Equations of state and thermoelastic properties of the Earth's lower mantle 577 
The fact that q->0 at V - » 0 suggested to Stacey and Isaak [19] that the next 
derivative 
A = 8lncjf 
dlnl/ 
might be constant, at least to a useful approximatioii With constant A, eq. (16) integrates 
to 
Q = <to Vn (17) 




As p _• oo, v -> 0 . and y -> y„, and therefore eq. (18) yields 
A = Qo 
ln(y0/y») 
(19) 
However, we have no fundamental reason for believing that A is constant, we know 
that it is a much better assumption than constant q, as has often been assumed in 
mineral physics [16,20]. In the present study, on the basis of generalized free volume 
theory, it is found that q as well as A, both depend on pressure or volume. On differentiating 
eq. (14), we obtain the expressions for q and A, given as follows 
(20) 
A - * 44 (21) 
where A- I
 KJP\K» 2fZpV fPK' K+2f* (22) 
Aj = 
2 6 ~ 3 l 3/Cj 
2 fP 
3 K (23) 
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and 
As^^iKK+KK )| (K' - 1 | - * L * _ + X \ - 9PK*K -6PKKKH -3K* { 3 ] 4 18L 
+ 3 W _3 / c 2 / c«. + 6PKK* _3/CK/C" + 6PK'fC" + 3PKK" -2/CfC" + K* 
A 
AC + ^ 3/c* - -
3
- ^ - + 4PKK + 2PKK"' + P 2 ** '" + 2 ^ ^ -
9 AC /v 
-p . * * - K
 + «L + PK- - M - °?KK~ • ?£. HW + < " * " 
AC AC 8 1 AC 
ooi/1 OD2I/" 9P2K"fC" SP2** P3*" 4P3AC'K" P V „ 
-3PAC -3P*K - — + — + - - + - -—+2 
K K2 K K2 Kz 
4f4 
243 
3PAC ZP^K" 3P2K P*K P*K" 2P
 0 
- + —— - + - - - —^ - - + 3 AC AC Kd ACJ K< AC (24) 
where AC" = (PKIdP2 and AT' = cPK/dP* are respectively the second and third order 
derivatives of bulk modulus. 
The behaviour of higher derivatives is important for understanding the thermoelastic 
properties. However, the traditional equations of state (such as the Birch - Murnaghan 
EOS (1-3), the Rydberg-Vinet EOS (5-7), and the Shanker EOS (9-11)) lead to quite 
complicated expressions for the higher derivatives of bulk modulus (AC" and AC"') and 
therefore less convenient to use. On the other hand, the Stacey EOS which is based on 
the reciprocal AC-primed equation gives a slight advantage and that is in manipulating 




where AC„ is the value of AC' in the limit P -»°° . 









[Z )K (27) 
where p is density of the material under study, p0 is the value of p at P = 0. 
By differentiating eq. (25) we can express t ie next two derivatives, at arbitrary 
compression, in terms of K , KQ and K l with convenient simplicity 
K%2 KK =-—r(K -K„)
 ( 2 8 ) 
and K K =
 2-(K -K^SK -2 /C + KQ) ^9) 
As p -* 00, K -* K' such that 
p - 1 
^ •
r
- : t (30) 
By fitting the data on p-P-K for the lower mantle in the above expressions (25-
29), Stacey and Davis7 have found K0 = 206GPa, K0 =4.2 and K^= 2.4. We have used 
these values as input in the present study. 
3. Results and Discussions 
First, we have calculated P, bulk modulus K and K% = dK/dP as a function of density 
p0/p-V/V0 for the lower mantle at different values of r, the distance from the centre of 
Earth. Thus the range of /t5701-3480km) for the lower mantle corresponds to the depth 
670-2891 km. We have used equations (1-3), (5-7) and (9-11) based on the Birch-Murnaghan 
EOS, the Rydberg-Vinet EOS and the Shanker EOS. The input data used in the present 
study are the zero pressure values, KQ = 206 GPa, K%0 = 4.2 and Ki =2.4 for the 
lower mantle reported by Stacey and Davis [7]. The results are given in Tables 1-3. The 
results for pressure P, bulk modulus K and pressure derivative K obtained from different 
equations are compared with the seismological data [7]. The comparison reveals that the 
Rydberg-Vinet EOS and the Shanker EOS yield very similar results which are close to 
the seismological data for the entire depth of the lower mantle. On the other hand, the 
Birch-Murnaghan EOS yields significant deviations. 
We have also calculated thermoelastic properties such as Gruneisen parameter r , 
thermal expansivity a , and volume derivatives of Gruneisen parameter q and A for the 
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Table 1. Values of P(GPa) calculated from (a) Birch - Murnaghan EOS, (b) Rydberg-Vinet EOS and (c) 















































































































Table 2. Values of K(GPa) calculated from (a) Birch - Mumaghan EOS, (b) Rydberg-Vinet EOS and (c) 
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Table 3. Values of K calculated from (a) Birch - Mufnaghan EOS, (b) Rydberg-Vmet EOS and 

















































































































lower mantle at different values of r. The results for Gruneisen parameter y and thermal 
expansivity a are reported in Tables 4 and 5 and compared with seismological values. 
The results obtained from the Rydberg-Vinet EOS and the Shanker EOS are in good 
agreement with the seismological values. On the other hand, the results obtained from 
the Birch-Murnaghan EOS are nearly ten percent higher than the seismological values. 
For estimating the value of q and A, we need the higher derivatives /.e., KK and K2K%. 
We have calculated the values of KK and K2K using equations (28) and (29) 
respectively, and then the values of q and A with the help of equations (20)-(24). The 
calculated values of q and A are reported in Table 6, and compared with the values 
based on seismological data [7]. It is found that the calculated values of q are in good 
agreement with the seismological values while the calculated values of A are only in fair 
agreement with seismological values. 
It should be mentioned that y, q and A are determined respectively from the first, 
second, and third pressure derivatives of bulk modulus, which are in turn related to the 
second, third, and fourth derivatives of pressure-volume relationships expressed in different 
forms of equation of state. Thus y, q and A can be expressed in terms of third-, 
fourth-, and fifth derivatives of potential energy function respectively. The calculation of A 
is therefore most sensitive to the form of the potential function or the equation of state 
used as it depends on the third pressure derivative of bulk modulus. 
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Table 4. Values of /calculated from modified free volume formula [eq. (14)] with f = 1.436 using different 
EOS (a) Birch-Murnaghan EOS, (b) Rydberg-Vinet EOS, (c) Shanker EOS and (d) Seismological data [7]. 








































































Table 5. Values of thermal expansivity aOO^K'1) from eq. (12) corresponding to the results for y given 
in Table 4. 
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Table 6. Values of q and A; (a) calculated from eq. (20) and eq. (21) with f = 1.436, and comparison 
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